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Abstract 

The fidelity and entanglement entropy in an antiferromagnetic-ferromagnetic alternating Heisen- 
berg chain are investigated by using the method of density-matrix renormalization- group. The 
effect of anisotropy on fidelity and entanglement entropy are investigated. The relations between 
fidelity, entanglement entropy and quantum phase transition are analyzed. It is found that the 
quantum phase transition point can be well characterized by both the ground-state entropy and 
fidelity for large system. 
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In condense matter physics, quantum phase transitions imply fluctuations, which hap- 
pened at the zero temperature 1]. When a controlling parameter changes across critical 
point, some properties of the many-body system will change dramatically. Many results 
show that entanglement existed naturally in the spin chain when the temperature is at zero. 
The quantum entanglement of a many-body system has been paid much attention since the 
entanglement is considered as the heart in quantum information and computation Q, [J. As 
the bipartite entanglement measurement in a pure state, the von Neumann entropy|4[ in the 
ferromagnetic [5] and antiferromagnetic spin chains are investigated respectively. By 

using the cross fields of quantum many-body theory and quantum-information theory, von 
Neumann entropy is applied to detect quantum critical behaviors js ij]. A typical example 
is that Osborne solved exactly one-dimensional infinite-lattice transverse-field Ising model to 
obtain entropy by the Jordan- Wigner transform. The entropy predicts the quantum phase 
transition point successfully [9]. Moreover, another concept from quantum information sci- 
ence, ground state fidelity has been used to qualify quantum phase transitions successfully 
in the last few years 13l-l22l|. It is shown that the fidelity and the entanglement entropy 
have similar predictive power for identifying quantum phase transitions in the most system. 
However, the ground state fidelity is a model-dependent indicator for quantum phase transi- 
tions. It can not be used to characterize the quantum phase transition in Heisenebeg model 



with next-nearest-neighbor interavtion for finite- size [23j. Similarly, the fidelity can not de- 
tect a BKT-like phase transition, which happens at A = 1 in antiferromagnetic anisotropic 
Heisenberg model 23] . 

Recently, It is reported that {CH^)2CHNH^CuCl^ is realization of the spin-1/2 alter- 
nating antiferromagnetic-ferromagnetic(AF-F) chain by nearly the same strength of the 
antiferromagnetic and ferromagnetic couplings. There are examples for the alternating AF- 
'.? spin-1/2 chain compounds such as [Cu{TIM)]CuCU\2M, CuNb 2 6 ^and DMACuCl 3 
261 ] . T he g round state properties of the alternating AF-F spin-1/2 chains have been intensely 
studied 27-2^. Entanglement, fidelity and their relations with quantum phase transition in 
the system like these materials need to be investigated further. 

In this paper, the fidelity and entanglement entropy in the spin-1/2 alternating AF-F 
chain with anisotropic interaction are investigated. Firstly, the effect of anisotropic interac- 
tion on ground state fidelity is investigated. Secondly, the effect of anisotropic interaction on 
entropy is calculated. Thirdly, their relations with quantum phase transition are analyzed. 
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At last, a discussion concludes the paper. 

The Hamiltonian of an antiferromagnetic-ferromagnetic alternating Heisenberg chain with 
anisotropy of N sites is given by 



N/2 N/2 

H = JaF ^]{^2i-l^2i + ^2i-1^2i + ^AFS^i-iSzi) + Jf ^^{^2i^2i+l + ^2i^2i+l + Af^&^Ji+i) , 
i=l i=l 

(1) 

where Sf (a = x, y, z) are spin operators on the j-th site, N is the length of the spin chain. 
Jf and J af denote the ferromagnetic and antiferromagnetic couplings respectively. Aaf, Ap 
are anisotropic interaction. The AF-F alternating spin chain can be regarded as the spin-1 



antiferromagnetic chain in the large ferromagnetic coupling limit |27H29|. In the paper, open 
boundary condition is considered, and we set J af = — Jf = 1? ^af = 1 and A^ > 0. 

Ground state fidelity can be applied to detect the existence of the quantum phase tran- 
sitions. The definition of ground state fidelity is shown as following. A general Hamiltonian 
of quantum many-body systems can be written as H(X) = H + \Hj where Hj is the driving 
Hamiltonian and A denotes its strength. Supposes \Gs) represents the ground state of the 
system. The ground-state fidelity between \Gs(X)) and \Gs(X + 5)) is defined as 

F(X,5) = \(Gs(X)\Gs(X + 5))\. (2) 
Because F(X,5) reaches its maximum value F max = 1 for 5 = 0, on expanding the fidelity in 

(X,6- 



powers of 5, the first derivative ^-%r °^ = 0. By using the property, the fidelity can written 



by 



d 2 F\X, 5) , x2 
2dX 

therefore, the average fidelity susceptibility S(X, 5), is given by(l7|, ll8| 



F(A,^1 + ^A^| A ^ 2 (3 ) 



5(A ' 5) = fe • (4) 

It is well known that it is hard to calculate the ground state fidelity because of the 
lack of knowledge of the ground state function. For models that are not exactly solvable, 
most of researchers resort to exact diagonalization to obtain the ground state for small size. 
This method can not precisely quantify the quantum phase transition because the size of 
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the system is too small. The method of density-matrix renormalization-group (DMRG) 30, 



3 if ] can be applied to obtain the ground state of the model. Moreover, the technology of 



calculating the overlap of two different ground states by the DMRG has been used for about 



a decade 



32 



-l34j. The method is used to calculate the ground state fidelity susceptibility. 



We calculate N up to 78. 5 = 0.001 is used like in Ref. 22]. The total number of density 
matrix eigenstates held in system block m = 128 in the basis truncation procedure. The 
Matlab codes of DMRG with double precision are performed in private computer, and the 
truncation error is smaller than 10 -12 . The fidelity susceptibility S is plotted as a function 
of anisotropic interaction A^ for different sizes in Fig. 1. It is shown that one peak is exist. 
The maximal value increases with size increases. The location of the maximal value deceases 
with size increases. When N = 78, the location of the maximal value A™ ax = 2.32. 

For comparison, ground state entanglement entropy is used to detect the quantum phase 
transition point too. The definition of entanglement entropy is given as follow. Let \Gs) be 
assigned to the ground state of a chain of N qubits, the reduced density matrix of right-hand 
L contiguous qubits can be written as pi = Tr^-L)\Gs)(Gs\. The bipartite entanglement 
between the right-hand L contiguous qubits and the rest subsystem can be measured by the 
entanglement entropy as 

E(L,N) = -Tr(p L \og 2 p L ). (5) 

By using the method of density-matrix renormalization-group (DMRG), the entropy of 
ground state for large system can be calculated. The entropy of ground state is plotted 
as a function of anisotropic interaction A^ with sizes of N = 20, 40, 60, 80, 100 with in Fig. 
2. The largest states of m = 64 is kept and L = N/2 — 1 is considered. There is one peak 
too. The peak E max increases with the size increases. The corresponding critical point A™ ax 
of the peak decreases with the size increases. 

As we known, the peak in fidelity susceptibility and the peak in entanglement entropy 
indicate the quantum phase transition. To be more precise, we also investigate whether the 
positions of the extreme points of entanglement entropy and fidelity in an infinite system. 



The results for the scaling of entanglement 35( and fidelity 36[ can be used to investigate 



the quantum phase transition point. We plot the maximum entropy of entanglement and 
fidelity susceptibility as a function of the inverse size of the system. A numeric fit is made, the 
results is shown in Fig. 3. They apparently agree with linear scaling. In the thermodynamic 



limits, their values tend to A C F = 2.3, respectively. Both the extreme points of fidelity 
susceptibility labeled by S and entropy labeled by E represent indeed th e q uantum phase 
transition. As we known, when Ap = 1, the phase is the Haldane phase 
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291 . In the limits 



A^ — > oo, the phase is Ising model universality class state. Our result is similar with the 
result /S.ap/2 ~ Jpj Ji7?[29|. It confirms further that the Haldane-Ising transition occurs at 
the point. 

In the paper, the fidelity susceptibility and entropy in the Heisenberg chain with the 
Alternating AF-F interaction are studied. By the present DMRG calculations for the model, 
the effect of anisotropic interaction on fidelity susceptibility and entropy in large size is 
presented. Their relations with quantum phase transition are investigated. It is shown that 
the point of the quantum phase transition is clearly marked by the peak of the fidelity 
susceptibility and entropy. The critical point in the thermodynamic limit is obtained by 
using the finite-size scaling theory. The fidelity susceptibility and the entanglement entropy 
can have similar predictive power for revealing quantum phase transition in the system. 
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FIG. 1: The fidelity suscepility S is plotted as a function of anisotropic interaction for different 
sizes. 
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FIG. 2: The entropy E is plotted as a function of anisotropic interaction Ap for different sizes. 
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FIG. 3: Scaling of A r p ax versus TV . The ■ for entropy and • for fidelity susceptibility are obtained 
by numeric stimulation and the lines are the fit lines. 
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